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Differential Equations 2

Mathematics Worksheet

This is one of a series of worksheets designed to help you increase your confidence in handling Mathematics.  This worksheet contains both theory and exercises which cover 2nd Order Differential Equations of the form
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There are often different ways of doing things in Mathematics and the methods suggested in the worksheets may not be the ones you were taught.  If you are successful and happy with the methods you use it may not be necessary for you to change them.  If you have problems or need help in any part of the work then there are a number of ways you can get help.

For students at the University of Hull

· Ask your lecturers.

· You can contact a Mathematics Tutor from the Skills Team on the email shown below.

· Access more Maths Skills Guides and resources at the website below.

· Look at one of the many textbooks in the library.
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	Web:  http://libguides.hull.ac.uk/skills 

Email: skills@hull.ac.uk  
	
	
	


Equations of the form  
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are Second Order Differential Equations.  They can be a lot more complex than this but this worksheet will only consider these three.

Type 1  
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can be solved by integrating twice (assuming that the function  
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Integrating gives 
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The method for type 1 is obvious but some methods used to solve Differential Equations appear to be ‘plucked from thin air’!  In many areas of life tools are developed to tackle certain jobs.  For instance in surgery there are a large number of tools which are designed to be used in particular operations. The tools to solve Differential Equations are often ‘designed’ to deal with a particular type.  They can be justified, some of them quite easily, others are more complex.

Type 2   Linear equations with constant coefficients of the form: 
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The first order, linear equation 
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substituting into the equation gives  
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but as 
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This equation is often called the auxiliary equation and there are 3 cases to consider depending on whether the roots of the quadratic equation are (i) real and different, (ii) real and equal or (iii) complex.

Case (i) Two distinct roots

Let the roots of the auxiliary equation 
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Check


Substituting into the differential equation and collecting terms gives
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But as 
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 is the general solution of the given 2nd order differential equation as it satisfies the differential equation and has two arbitrary constants.

Example

Find the general solution of the equation 
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The auxiliary equation is 
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General solution is 
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Case (ii) Roots real and equal 

Experience shows that if the auxiliary equation 
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[This can be checked, as above, by substituting into the differential equation.]

Example 
Find the general solution of the equation 
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The auxiliary equation is 
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Case (iii) complex roots
If the auxiliary equation 
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[This can be checked, as above, by substituting into the differential equation.]

Example Solve the equation 
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The auxiliary equation is 
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The general solution is
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Exercise 1

Solve the equations
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19. Solve the equation 
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20. Solve the equation 
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Type 3 Linear equations with constant coefficients of the form  





[image: image93.wmf](

)

x

f

cy

dx

dy

b

dx

y

d

a

=

+

+

2

2


This is an extension of type 2.  We can get the solution of 
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The main problem is finding the function 
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Solve the equations 
[image: image115.wmf]x

x

e

y

dx

dy

dx

y

d

e

y

dx

dy

dx

y

d

2

2

2

3

2

2

2

2

=

-

-

=

-

-

(b)

(a)


In both the complementary function is the solution of 
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Hence the general solution is 
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Hence the general solution is 
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case (ii) 
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The highest power in the particular function cannot be higher than the highest power in the function 
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.  You can check this by taking such a function, substituting into the left hand side and showing that all the coefficients of terms with higher powers must be zero as there are no similar powers on the right hand side.
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To find a particular integral try 
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Equating coefficients 
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Particular Integral is 
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General solution 
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case (iii) 
[image: image165.wmf]()

fx

 is of the form 
[image: image166.wmf]+

12

cossin

kcxkcx

 (where 
[image: image167.wmf]1

k

 or
[image: image168.wmf]2

k

 may be zero).

In general a particular integral can be found by trying 
[image: image169.wmf]cx

q

cx

p

y

sin

cos

+

=


Example  Solve the equation 
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Auxiliary equation 
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To satisfy the equation
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Solving
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Adding gives  
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This can, of course, be checked in the usual way!

Further examples

(a) Solve the equation 
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From the previous example the complementary function is  
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To satisfy the differential equation: 
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Solving gives 
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 (b) Solve the equation 
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 (a more complex equation!)

Auxiliary Equation 
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To satisfy the differential equation            
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Hence General Solution is 
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Exercise 2 Solve the following
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17.  Solve the equation 
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19.  Obtain the solutions of the equation 
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	We would appreciate your comments on this worksheet, especially if you’ve found any errors, so that we can improve it for future use.  Please contact the Maths tutor by email at skills@hull.ac.uk


Updated 22nd June 2012

The information in this leaflet can be made available in an alternative format on request.  Telephone 01482 466199
© 2009

































PAGE  
10
	
	



_1144238698.unknown

_1163235879.unknown

_1163236328.unknown

_1163236535.unknown

_1163236720.unknown

_1163237025.unknown

_1163237145.unknown

_1163237206.unknown

_1163237222.unknown

_1163237249.unknown

_1163237260.unknown

_1163237213.unknown

_1163237192.unknown

_1163237060.unknown

_1163237091.unknown

_1163237039.unknown

_1163236778.unknown

_1163236793.unknown

_1163236747.unknown

_1163236623.unknown

_1163236650.unknown

_1163236678.unknown

_1163236637.unknown

_1163236588.unknown

_1163236604.unknown

_1163236571.unknown

_1163236580.unknown

_1163236440.unknown

_1163236496.unknown

_1163236512.unknown

_1163236454.unknown

_1163236364.unknown

_1163236394.unknown

_1163236352.unknown

_1163236039.unknown

_1163236165.unknown

_1163236254.unknown

_1163236277.unknown

_1163236225.unknown

_1163236092.unknown

_1163236126.unknown

_1163236061.unknown

_1163235966.unknown

_1163236005.unknown

_1163236018.unknown

_1163235982.unknown

_1163235938.unknown

_1163235957.unknown

_1163235913.unknown

_1156775238.unknown

_1163235583.unknown

_1163235748.unknown

_1163235828.unknown

_1163235853.unknown

_1163235873.unknown

_1163235842.unknown

_1163235780.unknown

_1163235816.unknown

_1163235757.unknown

_1163235634.unknown

_1163235702.unknown

_1163235719.unknown

_1163235675.unknown

_1163235602.unknown

_1163235619.unknown

_1163235594.unknown

_1163235399.unknown

_1163235484.unknown

_1163235549.unknown

_1163235576.unknown

_1163235522.unknown

_1163235448.unknown

_1163235467.unknown

_1163235422.unknown

_1156775343.unknown

_1156775420.unknown

_1163235238.unknown

_1163235330.unknown

_1163235363.unknown

_1163235272.unknown

_1163235218.unknown

_1163235226.unknown

_1156775438.unknown

_1156775447.unknown

_1156775427.unknown

_1156775379.unknown

_1156775400.unknown

_1156775412.unknown

_1156775393.unknown

_1156775359.unknown

_1156775368.unknown

_1156775353.unknown

_1156775292.unknown

_1156775315.unknown

_1156775326.unknown

_1156775308.unknown

_1156775277.unknown

_1156775288.unknown

_1156775258.unknown

_1156775082.unknown

_1156775156.unknown

_1156775180.unknown

_1156775191.unknown

_1156775208.unknown

_1156775186.unknown

_1156775170.unknown

_1156775175.unknown

_1156775162.unknown

_1156775105.unknown

_1156775121.unknown

_1156775151.unknown

_1156775112.unknown

_1156775093.unknown

_1156775099.unknown

_1156775088.unknown

_1156774993.unknown

_1156775058.unknown

_1156775069.unknown

_1156775074.unknown

_1156775064.unknown

_1156775039.unknown

_1156775052.unknown

_1156775031.unknown

_1156774952.unknown

_1156774964.unknown

_1156774983.unknown

_1156774958.unknown

_1156772714.unknown

_1156772734.unknown

_1144238864.unknown

_1144239536.unknown

_1144238750.unknown

_1139988402.unknown

_1139988758.unknown

_1139988972.unknown

_1139989110.unknown

_1139989430.unknown

_1139989595.unknown

_1139989726.unknown

_1144238680.unknown

_1144238684.unknown

_1139989746.unknown

_1139989808.unknown

_1144238543.unknown

_1139989759.unknown

_1139989739.unknown

_1139989626.unknown

_1139989639.unknown

_1139989719.unknown

_1139989633.unknown

_1139989607.unknown

_1139989621.unknown

_1139989601.unknown

_1139989556.unknown

_1139989579.unknown

_1139989589.unknown

_1139989561.unknown

_1139989491.unknown

_1139989552.unknown

_1139989435.unknown

_1139989328.unknown

_1139989372.unknown

_1139989388.unknown

_1139989408.unknown

_1139989377.unknown

_1139989360.unknown

_1139989366.unknown

_1139989342.unknown

_1139989196.unknown

_1139989291.unknown

_1139989307.unknown

_1139989200.unknown

_1139989118.unknown

_1139989165.unknown

_1139989114.unknown

_1139988998.unknown

_1139989035.unknown

_1139989050.unknown

_1139989094.unknown

_1139989040.unknown

_1139989014.unknown

_1139989027.unknown

_1139989003.unknown

_1139989009.unknown

_1139988984.unknown

_1139988990.unknown

_1139988979.unknown

_1139988912.unknown

_1139988949.unknown

_1139988962.unknown

_1139988967.unknown

_1139988958.unknown

_1139988922.unknown

_1139988931.unknown

_1139988916.unknown

_1139988834.unknown

_1139988853.unknown

_1139988860.unknown

_1139988845.unknown

_1139988775.unknown

_1139988822.unknown

_1139988764.unknown

_1139988648.unknown

_1139988695.unknown

_1139988746.unknown

_1139988752.unknown

_1139988740.unknown

_1139988667.unknown

_1139988687.unknown

_1139988673.unknown

_1139988661.unknown

_1139988478.unknown

_1139988623.unknown

_1139988630.unknown

_1139988513.unknown

_1139988416.unknown

_1139988430.unknown

_1139988470.unknown

_1139988410.unknown

_1139844510.unknown

_1139988328.unknown

_1139988350.unknown

_1139988390.unknown

_1139988396.unknown

_1139988384.unknown

_1139988339.unknown

_1139988344.unknown

_1139988333.unknown

_1139845020.unknown

_1139988318.unknown

_1139988323.unknown

_1139845025.unknown

_1139988305.unknown

_1139844520.unknown

_1139844525.unknown

_1139844516.unknown

_1139844422.unknown

_1139844476.unknown

_1139844485.unknown

_1139844498.unknown

_1139844481.unknown

_1139844431.unknown

_1139844436.unknown

_1139844426.unknown

_1139844338.unknown

_1139844349.unknown

_1139844417.unknown

_1139844343.unknown

_1139844301.unknown

_1139844307.unknown

_1139844296.unknown

